
UNCLASSI FIED

AD 404168

DEFENSE DOCUMENTATION CENTER
FOR

SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION, ALEXANDRIA. VIRGINIA

U NCLASSIFIED



NOTICE: When goverment or other draving., speci-
fications or other data are used for any purpose
other than in connection vith a definitely related
goverment procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
oblipation vhatsoever; and the fact that the Govern-
ment may have formilated, furnished, or in any vwy
supplied the said dravings, specifications, or other
data is not to be regarded by implication or other-
vise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that my in any vay be related
thereto.



30

r,4 AFCRL 63.47 USCEC Report 82-209
Fbur 196 11&19

_ ~ UNIVERSITY OF SOUTHERN CALIFORNIA

LI SCHOOL OF ENGINEERING

LA. Technical Report

SAN APPLICATION OF SOMMERFELD'S COMPLEX

S ORDER WAVE FUNCTIONS TO THE PROBLEM OF
RADIATION FROM A DIELECTRIC COATED CONE

Cavour W. H. Yeh

EE IAAY21

ELECTRICAL ENGINEERING DEPARTMENT TISIAA



Requests for additional copies by Agencies of the Department of Defense, thela

contractors, and other Government agencies should be directed to the:

Arkied Services Technical Information Agency
"Arlington Hall Station
A•rlngton 12, Virginia

Department of Defense contractors must be established for ASTIA services or have their
"need-to-know" certified by the cognizant military agency of their project or contract.

All other persons and organizations should apply to the:

U.S. Department of Commerce
Office of Technical Services
Washington 25, D.C.



AFCRL 6347 EE#9ý

Technicalt Report

(~ AN APPLICATION OF SOMMERFELD'S COMPLEX

ORDER WAVE FUNCTIONS TO THE PROBLEM OF

RADIATION FROM A DIELECTRIC COATED CONE.

(_( ý'f- Cavour W.H. Yeh.

ELECTRICAL ENGINEERING DEPARTMENT
UNIVERSITY OF SOUTHERN CALIFORNIA

LOS ANGELES 7. CALIFORNIA

I C>¾r',, t -AF-I9I604fý6195
(1G'• PrEoect No. 4IL42

-i/)Task No. 464202

USCEC Report 82-209

(IT EIJWruary 19JI)

Prepared
for

ELECTRONICS RESEARCH DIRECTORATE
AIR FORCE CAMBRIDGE RESEARCH LABORATORIES

OFFICE OF AEROSPACE RESEARCH
UNITED STATES AIR FORCE
BEDFORD, MASSACHUSETTS



ABSTRACT

Using the orthogonality relations of Somurfold's complex

order wave functions, the exact solution for the problem of

electromagnetic radiation from a circularly symmetric slot on

the conducting surface of a dielectric coated cone is obtained.

The results are valid for the near zone region as well as for

the far zone region and they are applicable for arbitrary angle

cones. It is noted that the technique used to solve this

problem may be applied to similar type of problems involving

conical structure, such as the diffraction of waves by a

dielectric coated spherically tipped cone.
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I. INTRODUCTION

The problems of scattering of waves by perfectly conducting conical

obstacle or radiation from such a structure have been considered by many

authors l5. The exact mathematical solution to the problem of the diffrac-

tion of waves by a finite, perfectly conducting cone has recently been

6
obtained by Northover . However, the corresponding solution for the

diffraction by or radiation from a dielectric coated semi-infinite conical

structure has not been found. It is the purpose of this paper to present

the exact solution of the radiation from this dielectric coated structure.

It is shown that certain mathematical difficulties can be overcome by the

use of Sommerfeld's complex order wave functions 7 and their orthogonality

properties.

II. FORMULATION OF THE PROBLEM

To analyze this problem, the spherical coordinates (r,Q,90) are used.

The geometry of this conical structure is shown in Figure 1. The vertex

of the cone is taken to coincide with the origin of the spherical polar

coordinates. To eliminate the singulaity at the vertex, a small per-

fectly conducting spherical boss of radius a with its center at the

origin is situated at the tip of the cone. The outer boundary of the

dielectric coated cone is assumed to coincide with 0 a .1 ; the inner

boundary is assumed to coincide with 0 z 0 0 The dielectric coating

has a permittivity of c, , a permeability I , and a conductivity of



zero. It is assumed that this radiating structure is embedded in a homoge-

neous perfect dielectric medium (c a ; ' e a 0), and that the applied

electric field intensity across the slot which is located on the perfectly

conducting conical surface, Q 0 0 t is circularly symmetric about the

axis of the cone and linearly polarized in the radial direction.

Due to the symmetrical characteristics of this problem, all components

of the electromagnetic field are independent of the azimathal angle 0 .

For a TM wave, the non-vanishing components are Er, E0 , and H o The

wave equation in spherical coordinates takes the form

D2 (rH ) +- ' ' (H0 sin 0)] + k~rH 0 (1)
ar2 0 r*Q sIm 10

where kc2  2 -iwt hsbe

Sk a tL and the steady state time dependence • has been

assumed. Setting

HO a(2)

in equation (1) gives

(72 + k 2 ) u(r,0) -0 . (3)

A possible solution of equation (3) is then u(r,0) - R(r) B(Q) where R

and 8 satisfy the differential equations

-2-



d-(r?- M) + (k2r2 - a) R O 0
dr dr

d 0 d sno Boo0d (sin dO " + c sn (5)

in which c is the separation constant. If one chooses c w v(v + 1)

where v may be a complex number, the solutions of equation (5) are the
P (Cos ( 0)

Legendre functions {QV"cos ( )} Te corrlsaonding solutions of equation

(4) are the spherical Hankel functions {h(2v)(kr) }
The proper choice of these functions to represent the electromagnetic

fields depends upon the boundary conditions. All field components must be

finite in all regions (i.e., the region within the dielectric sheath and

the region outside the sheath). In addition all field components for the

radiated wave must satisfy Sommerfeld's radiation condition at infinity.

Consequently the appropriate solution for the region inside the dielectric

sheath is

u (r,G) = v)(k 1 r) [AP,(cos 0) + BQ(cos 0)j (6)

V

and that for the radiated wave

Ur(r,Q) = G, h(1)(k r) P (cos 0) (7)rV V 0 V1

where k 2 a W 2L and k 2 2w . Av B and Gv, are arbitrary constants1hr l 1 0n po•• B

to be determined by the boundary conditions. The summation is over all

values of v which are determined by the boundary condition on the spherical



boss at the tip of the cone; i.e., the tangential electric field must

vanish on the perfectly conducting spherical boss:

S[r h(l)(klr)] . " 0 (8)

-1 [r h~(l) k r)]j :0 .(9)?)r r1 0

The roots of v from equations (8) and (9) will be designated respectively

by vn and w * . It should be noted that h(l)(k r) or h(l)(kor) are(k 1r)o h (kr ae

orthogonal over the range k1 a to w or ko a to a respectively. (The

proof is given in Appendix A.) It is because of this orthogonality

property of these radial functions that they are so useful for the conical

problems. The orthogonality characteristic of the Hankel functions with

complex order was first investigated by Sommerfeld 7. Hence these func-

8tions are also called Sommerfeld's complex order wave functions

III. THE MATHEMATICAL SOWTION

The boundary conditions require the continuity of the tangential

electric and magnetic fields at the boundary surface, 0 a 01 " On the

conducting surface, 0 a Go , the tangential electric field must be zero

everywhere except across the gap where it is equal to the applied field.

Let the applied field be defined by

Eapp. - E d(r) e9iWt (10)
r-4o



where d(r) is defined as follows:

S1 for ro < r < r1
0 for a < r < ro and r r 1  (11)

!r- r is the gap width (see Figure 1). Expanding the applied field

in terms of Sonierfeld's complex order wave functions gives

Eap-.1 (1) mEapp. -- L Vn (Vn+1) h 1)(k1r) Pvn (cos 0) eiWt (12)r r~v nn vn V

vn

where

L 1 Ei r h(W)(k.r)d(k r)Lvn V Vn(V n +)PVn (coo 0 0)NVn (ka L r° 00 vn

Ci3)

in which the normalizing factor is

N(k 1 a)- a O h W(k 1r)0 d(k r) , (14)NJn a vn

Expression (12) represents Eap; for all values of r between a and o
r

Upon matching the tangential magnetic and electric fields at

= M 91 , one obtains

iWs0 I G h(l)(k r) d[.L ,(coo 1
t V . o _ D•

iwc1  h(1)(k r) [A d-P (cos 01) +B Q (coo d
vn

(15)



IG ,n'(V' + 1) h(1)(klr) Pn,(cos 9

(V + 1) h:)(k r) A Pn(coo ) + B n(cos ) (16)

n

It is noted that in contrast with the spherical and circular cylindrical

boundary value problems, the boundary conditions can not be satisfied by

equating each term of the series expansion. For the present case, the

above equations must be satisfied for all values of r from r a a to

r a a . Consequently, the orthogonality properties of the radial function

must be utilized to overcome the difficulty. Substituting the expansion

h(iv)(k r) CL v h(l) (kor) (17)

n V1 nj m
nmm

into equations (15) and (16), and applying the orthogonality relations of

the radial function, leads to the following expressions:

E0 Gv't x (AY a' +B b' ) 8 v)
m m V n n n n, m

n

Gv v;(VM +1 1 (Anvn + • bv) vn(vn + 1) av~vVM m nn
vn

(19)
(IM O, 1, 2,

-6-



where the abbreviations

a n Pv(cOS ) a' (coP n Q1 )

bvn * Vn bv • •-(COS Q1 )

P,,(cos 9 ) (Co, -s• P,(os ) (20)

have been used. , is given in Appendix B. Expressing B in

terms of A gives (in matrix notation)
Vn

-1
B .RV VDI (21)

n nm Dm

where R-1 VI is the inverse of the matrixVn, m
vn ]

.V l [(ZI b g, , v,,_(v, + 1) - b 1n,.( n v 1) .gI ) G

and D , is a column matrix
m

A (a ve(v + 1) g', - 61- a-, (•I,+(", ))e V,
• • m 0 e m e

Ve

Equation (21) can also be written in the form

B .3 hv Av (22)
Ve ne e



)
whore h vnv are obtained using equation (21).

At the surface of the conducting cone, * Qo , r in the dielectric0 r
sheath and equation (12) must be identically equal for all values of r

between a and * . Therefore,

AnP vn(cos 0o) + BvnVn(COP Go) Lv vn(coa 0G) (23)
vn nn an

where L is given by equation (13). Making the identification
n

daP " (coo 0)
V V 0

n n
fV V ~(coo 0 )0 (24)

and substituting equation (22) into equation (23), one finds

d + f h AuLd (25)

VV h V V V

* C

Solving for A gives
a n

A .- - 7rL d 7' A~~~n .VnVq t M a Vm 12

where @-V is the inverse of the matrix
vq M

[1qv.]vn - [(dvntV V + hV VIII n)] (27)

and 6v v is the Kronecker delta which is equal to zero when v. v.

and is equal to unity when v - v . [Ld,] is a column matrix. With

the knowledge of. A and B , the coefficient 0 V, can easily be computed

a n m



using either equation (18) or equation (19).

The electromagnetic fields in the dielectric shell and in the free-

space are now completely determined. At largo distances from the radiating

source the asymptotic expressions for h(l)(kor) which is

0k -i(vo+lhX/2
0

leada to

ikor -i(V'+l) X2

HE w(io 0 e 0 /kor) Gv, [ v,(Coos 0)] e + (28)

Vt

IV. CONCLUSIONS

By the use of Sommerfeld's complex order wave function and its

orthogonality properties, the exact solution for the electromagnetic field

excited by a slot on a dielectric coated, spherical tipped cone is obtained.

The results are valid for the near zone (i.e., near the conical structure)

as well as for the far zone. The influence of the presence of a dielectric

sheath or a cold plasma sheath upon the electromagnetic field radiated from

a spherically tipped cone can be computed. However, it should be noted

that the computation is by no means trivial since the required Sommerfeld's

complex order wave functions have nnt been tabulated, only certain limiting

values are known at present. The tabulation of these functions in any detail

is quite a involved though worthy project and can best be handled by an

electronic computer group.

; -9-
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It is remarked here that the technique used in obtaining the

solution for this problem is-applicable to many similar type of problems

involving conical structure, such as the diffraction of waves by a

dielectric coated spherically tipped cone.

I
SAPPENDIX A. ORTDOONALITY CRARACEISTICS h'oF )(k)

To show that the radial functions h(1)(kr) are orthogonal overV

the range kr a ka to kr m w , one notes that for any v , say, Vn

(kr(d 2/d(kr) )kr h (1) (kr)) + o(kr) 2 -Vn(vn+l)) h(1) - 0 (A-l)

and for any other value of v , say, v.

h(2'r 2) (r1)*(kr)(d /d(kr) . (kr h~ (cr) + ((1cr)2-vm(Vm+l))h Vm(kr) -0 (A-2)

Multiplying the first equation by h (1) NO and the second by h1 "(kr)

and integrating the difference from kr * ka to kr • D , one gets

v(v +l)- Vn(Vn+l)] h h(1 (kr) h ((kr) d(kr)

[r d2

"Jka 1kr N(n)(kr kr (Ckr h(1)(kr))nka d(kr) m•

- h (1) kr) d2  (kr h()(kr)*) d(kr) (A-3)
VM " " d(kr) 2  Vn r d/-

I' -10-



Integrating the above by parts gives

iv~~~ ~ ( I nnl) kh(1) kr (1)

v h (r) h (kr) d(kr)m a vn " M

h(1) " A (ir hd1)'" r)

-r h (kr) =krF (Qkr h) (kr)) k (A-4)

The terms on the right hand side of the equal sign are zero by virtue of(1)

the boundary condition (8) or (9) "nd the asymptotic behavior of hv (kr)

Hence

h (kr) h., (kr) d(kr) = N (ka) (A-5)
icka hv (icr

where 6 is the Kronecker delta qnd Nvn(ka) is a normalization

factor which can be obtained from equation (A-4) by an application of

de l'Hospital's rule for the limit v vn

APPENDIX B. FORUIJLA FOR avnvt

Multiplying both 3ide3 of (17) by h (1)(k r) , inte-ratin3 with
m v 0

respect to k0r from ko0 a to aD , and usinS the orthogonal'ty relation

for the radial function (A-5), one obtains

ODP (1) (1).
QL V, M Jk h vn(k r) hvm (kor) d~kor) (B-1)

ns k V'm o

0
wher-i-

M ~k a
0
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Figure 1 The Dielectric Coated Spherically Tipped Cone.

-13-



I iw i -'

-1 IA a

S.' IIJ_1 hs • . ti T

• ..iJL"",|.•• ••

001 , i _ '1 -

VO ..) o

* 0 0 0 4 7 g04, W 11 'a u ~

A"~ 0

'Sol :9,-1Ut'

__________________4 (Ao


